arXiv:math/0503734vl [math.FA] 31 Mar 2005 


STABILIZERS AND ORBITS OF CIRCLE-VALUED 
SMOOTH FUNCTIONS 

SERGEY MAKSYMENKO 


Abstract. Let M be a smooth compact manifold and P be either R 
or . There is a natural action of the groups Pm and Pm x Pp on 
the space of smooth mappings P). For / € C°°{M, P) let Sm, 

Smp, Om, and Omp be the stabilizers and orbits of / under these 
actions. Recently, the author proved that under mild conditions on 
/ € (7°° (M, R) the corresponding stabilizers and orbits are homotopy 
equivalent: Smr ~ Sm and Omm ~ Om- These results are extended 
here to the actions on C°°{M, S^). It is proved that under the simi¬ 
lar conditions (that are rather typical) we have that Sms^ ^ Sm and 
Oms^ ^ Om X 5 ^. 


1. Introduction 

In this note we extends the results of [3| to the case of circle-valued map¬ 
pings M ^ S^. 

Let M be a smooth ((7°°) connected compact m-dimensional manifold, P 
be either the real line M or the circle S^, and Pm and Pp he the groups of 
diffeomorphisms of M and P respectively. 

For z G M let C^{M) be the algebra of germs of smooth functions at 
z. If / G C^{M), then denote by A{f,z) the Jacobi ideal of / in C^{M), 
i.e. the ideal generated by germs of partial derivatives of / in some local 
coordinates at z. 

1.0.1. Definition. Let y{M, P) the subset of P) consisting of map¬ 

pings / satisfying the following conditions (E) and (J): 

(E) / is constant at every connected component of dM and has only 
finitely many critical values; 

(J) for every critical point y of f there is a local representation / : M™’ —> 
M in which the germ of the function f{x) — f{y) belongs to the Jacobi 
ideal A{f,y). 

1.0.2. Remark. The condition (E) is just an aggregate of the conditions 
(BC) and (FV) of 0. For the implications of the condition (J) see Section 2 

of 0. 

If / G C°°{M,P) satisfies (E), then the set of critical points of / may 
be infinite and there may be critical points on dM. The values of / on the 
connected components of dM will be called boundary ones. All critical and 
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boundary values of / will be called exceptional and their inverse images will 
be exceptional levels of /. Since M is assumed to be compact, it follows 
that the set of exceptional values is finite. 

Let us dehne the following groups. If / G M), then 

• ^r(/) is the subgroup of consisting of diffeomorphisms that preserve 
orientation of M, and leave the image of / invariant; 

• ^r(/) i® i'ii® subgroup of I’r(/) consisting of diffeomorphisms that also 
fix every exceptional value of /; 

• T^mrU) = T^m X 

If / G then 

• is the group of preserving orientation diffeomorphisms of 5^; 

• D|'i (/) is the subgroup of preserving the set of exceptional values 
of /; 

• Vg^{f) is the (normal) subgroup of 'Dg^{f) fixing every exceptional 
value of /, thus D|^i(/)/D|i(/) is a cyclic group where n is the number 
of exceptional values of /; 

• X . 

For / G P) we identify Vm with the subgroup Vm x idp of Vmp- 

Then Vm and Vmp act on C°°{M,P) by the following formulas: 

(1.0.3) h-f = foh~^ 

(1.0.4) {h,4>) ■ f = cl)o f o h~^. 

where / G P), h € Vm, and cj) G T>r(/) or (/> G V~^-^ with respect to P. 

Let SMif), SmpU), OmU), and OmpH) be respectively the stabilizers and 
the orbits of / G P) under the actions of Vm and Vmp- Evidently, 

•SMif) X idp C SmpU) and OmU) C OmpU)- 

We will often omit the notation / and denote SMif), ^hiif), F’|i(/) etc. 
simply by Sm, Om, and so on. This will not lead to collisions. 

Finally, we endow the spaces Vm, Vp, and C°°iM,P) with the corre¬ 
sponding (7°° Whitney topologies. These topologies yield some topologies 
on Vmp and on the corresponding stabilizers and orbits of /. 

1.1. Main results. Suppose that / G yiM,S^) has n exceptional values 
and let p : Vm x Vgi Vgi be the standard projection. 

1.1.1. Theorem. V^i C p(5^5i) and p admits a section 6 : ^ Sms^ 

being a homomorphism. 

Thus putting Sms^ — ^ Sms^: g®! Ihe following exact 

sequence split by 6*; 1 ^ Sm Sms'^ ^ ^51 ^ 1- 

1.1.2. Corollary. Sms'^ *-5 « semi-direct product of Sm and Vg^. 

1.1.3. Corollary. The embedding Sm x {id^i} C Sms'^ extends to a home- 
omorphism Sm x Vgi ss Sms'^ ■ 
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Notice that we have the following relations; 

whence 

for some c that divides n. Let d be the index of p{S]^gi ) in , thus n = cd. 

1.1.4. Corollary. S]\^gi is homeomorphic with Sm x ^51 x Zc. 

1.1.5. Definition. A critical point 2 ; of / G C°^{M,P) is essential if for 
every neighborhood U oi z there exists a neighborhood U of f in C°°{M, P) 
with C^-topology such that every g GU has a critical point in U. 

Let a : i? —be a /c-dimensional vector bundle. Then E can be 
regarded as the quotient of [ 0 , 1 ] x by identifying 0 x R^ with 1 x R^ 
via some homeomorphism h : R^ —> R^. The topological type of E depends 
on the isotopy class of h only, whence we have two possibility for E. If h 
preserves orientation, then E ^ x R*^. Otherwise, we will say that i? is a 
“twisted” product and denote it by x R^. 

1.1.6. Theorem. If n = 0, then Om = Otherwise, suppose that 

every critical level-set of f includes either a connected component of dM or 
an essential critical point or f. Then the embedding Om C Oms^ extends 
to a homeomorphism 

Om X 51 X R"' ^ ~ 0^51, if n is even and d = njc is odd 
Om X 5 ^ X R"’”^ w Oms^i otherwise. 

1.1.7. Remark. Suppose that n = 0. This means that f : M ^ has no 
critical points, whence this is a locally trivial hbering. In this case we have: 
p{Sms^) — ^ 51 ! the following sequence is exact: 

I —> Sm —^ <Sms^ ^ ^51 1) 

the projection p admits a section 6 : —> Sms^ being a homomorphism, 

Sms^ ~ Sm X and Om = 0)ms^ ■ 

1.1.8. Remark. Suppose that ^ p{Sms^)- This means that there is 
{h,4>) G Pms^ such that (f o f = f o h and (f shifts exceptional values of 
/. Then / “admits additional symmetry” which seem not to be typical. 
Thus for most mappings / G y{M, S^) we should have that = p(Sms^)> 
whence 

Sms^ ~ Sm X and Oms^ ~ Om x x R” 

The proofs of Theorems II .1.1 1 and 11 .1.61 will be given in sections lU and El 
They follow the line of jSj- Certain steps extends to S'^-case almost literally, 
therefore we often refer the reader to jH]. 

Notice that the results are similar to the R-case in the part that the Sm 
and Om are the topological multiples of Sms^ and Oms^ respectively. The 
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main cause of this is that is a Lie group, whence there is a section of the 
evaluation map from Vgi to the n-th configuration space of S^, see Section|31 
and p. 


2. Configuration space :F”(5^) of 

We will regard as the unit circle in the complex plane C. Recall that 
the n-th configuration space of is the following subset 

= {(xo,.. .,Xn-i) \ Xiy^ Xj for i ^ j} 

of n-dimensional torus x • • • x S^. 

Let Fn{S^) be the connected component of containing the point 

Denote also 

= {(a;i, ■ ■ ■ , Xn-l) G I 0 < Xi < X 2 < • • • < Xn-l < 1}. 

Then is an open and convex subset of whence it is diffeomorphic 

with 

2.0.1. Lemma. Fn{S^) is diffeomorphic with x A"’”^. 

Proof. Let vr : (0,1) ^ be defined by the formula 7r{t) = Evidently, 

TT is a diffeomorphism of (0,1) onto \ {1}. Consider now the following 
mapping ^ ; F"'{S^) —fS^x A”“^ defined by 

^(xo,xi,.. .,Xn-i) = (xo,7r“^(xi/xo),... ,7r“^(x„_i/xo)), 

where x/y means the division of complex numbers. Since Xa 7 ^ for a a', 
it follows that Xafxo 7 ^ 1, whence 7r“^(xa/xo) is well-defined. Notice also 
that ^( 2 : 0 ) • • •) Zn-i) = (1, ^,..., It is easy to see that ^ is a surjective 
local diffeomorphism. Moreover, it admits a section s \ S^x A”“^ ^ F^{S^) 
defined by the formula 

^{.fi ^ 1 ) • • • ) tn—l) — (<?i, f ' T(ti), . . . , (f> ■ Tlifn—l')') 

such that s(l, ^,..., = (^O) • • •) Zn-i). Hence ^ yields a diffeomorphism 

between the connected component Fn{S^) of (zq, ... ,Zn-i) in and 

5 ^ X □ 

Consider the action of the group on F^{S^) by cyclic permutation 
a : of coordinates: 

(t(xo, • • • , Xn—l) — (xi, . . . , Xn—1^ Xg). 

Evidently, this action is free and cj(F„(5^)) = Fn{S^). Moreover, a preserves 
orientation of Fn{S^) iff and only if n is odd. 

Suppose that n = cd and let Zc be a (cyclic) subgroup (of order c) of 
generated by a^. 

2.0.2. Lemma. Suppose that n is even and d is odd, then Fn{S^)/Zc is 
diffeomorphic with a “twisted” product S^xA"""^. Otherwise, we have 
F„( 5 i)/Ze 51 X A-b 
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Proof. The proof is direct and based on the remark that reverses orien¬ 
tation if and only if n is even and d is odd. □ 

3. The groups P+i and P® i 

Suppose that / G y{M, S^) and Za = (a = 0,..., n — 1) are all of 

the exceptional values of /. We will assume that n > 1. Then is the 
subgroup of Vgi that fixes every point Za- 

Let e : —> .F”(S'^) be the evaluation mapping defined by 

(3.0.1) e{(l)) = {(l){zo),... ,ct){zn-i)), 

Then the image e(Pgi) coincides with the connected component Fn{S^) of 
containing (zq, ..., Zn-i). 

Notice that e is constant on the adjacent classes of by P|i and yields 
a bijective continuous mapping e : such that 

e = e o g : P+ Fn{S^), 

where g is a factor-mapping. 

By Lemma l2.().ll we have a diffeomorphism ^ : Fn{S^) ~ 5^ x Thus 

in order to show that e is a homeomorphism it suffices to prove the following 
statement. 

3.0.2. Proposition. The mapping ^ o e : P^j/P^i —> 5^ x is a home¬ 

omorphism in all Whitney topologies. 

Proof. Consider the composition: 

E = ^oToq:Vsi ^ ^ Fn{S^) 4 5^ x A""!. 

By the arguments used in Proposition 3.0.2 of [S] it suffices to construct a 
continuous section s : x A"“^ —> P^j of E. The following statement is 

Lemma 3.0.3 of jH] with a slight adaptation of notations to our case: 

3.0.3. Lemma. There exists a smooth function u : R x A"""^ ^ R with the 
following properties: 

(1) xi,..., Xn-i) > 0 for all (t; xi,..., Xn-i) G R x A"'“^; 

(2) u(t-, xi,..., Xn-i) = t for t < 0 and t > 1; 

(3) u • • ■,Xn-i) = Xfc for A: = 1,2,... ,n - 1. 

(4) =AfortGR. 

Let u be a function of this lemma. Then u maps the set [0,1] x A””^ 
onto [0,1] so that u{0,x) = 0 and u{l,x) = 1. Hence u yields a continuous 
mapping w : x A"""^ —> 5^ defined by factorization of [0,1] to by the 
mapping vr. 

Moreover, tt((0, x) = u[{l,x) = 1 and u|'^^(0, x) = rij^^(l,x) = 0 for s > 2 
and X G A””^. Hence, w is in fact C°°. 
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Similarly to Lemma 3.0.3 of [21 it can be proved that the following map¬ 
ping s : X ^ Vgi defined by: 

(3.0.4) s(xi, . . . , Xn-l)it) = u{t; Xi, . . . , Xn-l) 

is a section of E. This completes our proposition. □ 

4. Proof of Theorem cxn 

Suppose that / G S^) satisfies the condition (E). Let n be the 

number of exceptional levels of /. 

Notice that for n = 0 we have = D|'i = E>gi. 

The following statement are analogues of Lemmas 3.0.1 and 5.0.1 of |2]. 
We leave the proof to the reader. 

4.0.1. Lemma. If n > 1 then the group T>gi is contractible. □ 

4.0.2. Lemma. Let p : be the projection onto the second 

multiple. Then p{Sj^gi) dV^i. □ 

Suppose that / G y{M,S^). We have to construct a continuous section 
6 : Pgi ^ <Sms^ P being a homomorphism. The proof follows the line of 
the M-case, but there are some exceptions. Let us briefly recall the idea. 

Notice that every section 9 : ^ of p should be of the form 

9((j)) = (p), where Ll : —> Vm is a continuous homomorphism such 

that (j) o f = f o n((/)). Such a section was constructed in [2] via a vector 
field of a special form. 

4.0.3. Definition. Let / G P), where P is either M of S^. We say 

that a vector field P on M is f -compatible if the following conditions (1) 
and (2) hold true; 

(1) if y G M belongs to a non-exceptional level-set of /, then 

d/(P)(y)/0; 

(2) if y belongs to an exceptional level-set L = f~^{f{y)), then 

df{F){x) = e{f{x) - f{y)), 

for all X from some neighborhood of y and some e = ±1. Evidently e is 
the same for all points of L. Therefore we call L attractive if e = — 1 and 
reflective otherwise. 

Let / G y{M,'R). We proved in Lemma 5.0.5 of |H] that there exists an 
/-compatible vector field P. Let be the flow generated by P. Then we 
defined the shift mapping ip : M) —> M) along trajectories of 

by the following formula, see |2]: 

ip{a){x) = <l)(x,a(x)), X G M, a G M), 

and the mapping sh : M) such that the composition 

Q = y?osh:P| ^ C^{M,M) 
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is what we need, i.e. a continuous homomorphism such that for every (j) G 
we have {Q{(l)), 4 >) € Smr- 

4>of{x) = / o <h(x, sh((/i)(x)) = foQ((j))[x), X G M. 

4.0.4. Lemma. Suppose that f G S^) satisfies the condition (E). 

Then f -compatible vector field may exist only if the number of exceptional 
levels of f is even. 

Proof. If F is an /-compatible vector held then it follows from the dehnition 
that attractive and rehective levels must alternate with each other. □ 

4.0.5. Example. Suppose that M = and let f : M ^ he a smooth 
homeomorphism with 4 critical points zq, zi, Z 2 , Z 3 , see Figure H.0.81 where 
/ is an “almost central projection” of the external circle to the internal one. 
Suppose that F is an /-compatible vector held on S^. Then the trajectories 
of F should be of the form shown in the right part of Figure B-.0.8L 

Let / G y{M,S^). If n is odd, then F and therefore 4>, ip, and sh may 
exist only locally. Nevertheless, we will show that it is possible to dehne 
them so that the composition = <y9 o sh is well-dehned on all of M. 

4.0.6. Case n = 0. In this case, following Lemma 5.0.5 of [Sj, we can dehne 
a global /-compatible vector held F on M such that df{F) > 0. Then the 
construction of H is similar to jH]. 

4.0.7. Case n > 1. We can assume that Za = (a = 0,..., n — 1) are 

all of the exceptional values of /. Below all indexes will be taken modulo n. 

Let La = f~ [za) and L = U La- 

a=0 

If n = 1 then put lo = \ zq. Otherwise, n > 2, therefore the points 

Za and Za+i divides into two open arcs. Let la be that arc which starts 
from Za and hnishes at Za+i with respect to the positive orientation of S^. 
Denote also Wa = f~^{la). 

Following Lemma 5.0.5 of [2] for every a = 0,..., n — 1 we can dehne 

(1) an /-compatible vector held Ga on Wa such that df{G{x)) > 0 for 
X G Wa, 

( 2 ) a neighborhood Ua of La and an /-compatible vector held Fa on Lfa 
such that Ua H Ua' = 0 for a 7 ^ a' and f{x) — f{y) = df{Fa){x) for 
X G C/a and y G La- 

Let C/“ and Ua be the “lower” and “upper” parts of Ua with respect to 
the orientation of 5^, i.e. 

C/± = {xG C/a I ±d/(La(x)) >0} 

Gluing Fa with Ga on Uff we can assume that Fa = Ga on Ufi . Similarly, 
gluing Fa with —Ga-i on Uf we can also assume that Fa = —Ga-i on Uy, 
see Lemma 5.0.4 of [Sj. 
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Figure 4.0.8. 


Let 'La : Wa x M —> Wa be the flow that generated by Ga- Then, see §5.1 
of |3], for every (f> G there is a smooth function a'^ : Wa —> K such that 

(j) O f{x) = f o 4'a(x, a^{x)). 

Let also <La : 14 x (—e, s) —> Ua be the local flow generated by Fa on some 
neighborhood 14 C Ua of La- Then, see §5.2 of [3], for every (j) G there 
is a smooth function defined near La in 14 such that 


These flows and functions are compatible in the following sense: let (p G 
and suppose that is defined at x € Ua- Then 

(a) if X G U^, then Fa{x) = Ga{x), whence 4>a(x,t) = 'La(x,t) and 
(^<l>ix) = cf'^{x). 

(b) if X G [/“, then Fa{x) = (— l)"'Ga(x), therefore we have that 
4'a(x,t) = 4'a(x, (-!)"■ t) and a^{x) = (-l)”c7^(x). 

In both cases we see that ^a{x, o'(i){x)) = 'La(x, cj^(x)). Then the following 
mapping 12(0) ■. M ^ M given by the formula 


fl(0)(x) 


4>a(x,cr,/,(x)), xeUa 

Ta(x,C7^(x)), X G 14 


is well-defined on all of M and satisfies the condition p o f = f o 

Similarly to Lemmas 5.2.1 and 5.2.2 of [3j it can be shown that ^{4>) is a 
diffeomorphism of M and the mapping Q : Fgi — j- Vm defined by 0 Q{<p) 

is a continuous homomorphism. Hence the correspondence p e-> (H((^), p) is 
a continuous section 6 : of p. 

Theorem II .1.1 M s completed. 


4.0.9. Remark. If n > 2 is even, then we could replace i4 with —Fa and Ga 
with —Ga for even a = 0, 2,... , n — 2, see Figure IT.0.81 This would give us a 
global /-compatible vector field F and therefore we could define H similarly 
to j3]. But we preferred not to separate the cases of even and odd n. 
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4.0.10. Corollary. Suppose that € <Sms^ but (p ^ ^ 51 - Then there 

is a path in Sms^ between {h,(j)) and {h,(j)) such that p is periodic and 
o (p £ Pgi. 

Proof. We have p o f = f o h. Since p ^ , it follows that p cyclically 

shifts Za, thus p{za) = Za+s for some s £ he and every a = 0 ,... ,n — 1, 
where indexes are taken modulo n. 

Let p{z) = • z be the rotation of by the angle 2TTsjn. Then 

p o p~^ £ Pgi, whence p o p~^ o f = f o Q(^p o p~^). Therefore 

p o f = {(j) o p~^) o p o f = {(j) o p~^) o f o h = f o o p~^) o h. 

Thus putting h = Pl[pop~^)oh we see that (h, p) £ and p is periodical. 

By Lemma 14.0.1 1 is contractible. Therefore there exists an isotopy 
pt : ^ between po = p o p~^ and pi = id^i. It gives a path 

LOt = i^iPt) ° h,pt o p) between ujq = {id{p o p~^) o h,p) = (h,p) and 
ui = {h, p). □ 

5. Proof of Theorem fPLOl 

Suppose that n = 0. In this case / is a locally trivial fibering over 5^. 
Then , therefore Tl is defined on all of . We have to show that 

Om = Oms^- Evidently, Om C Oms^- Conversely, if^ = pofoh~^ £ Oms^ 
for p £ Pji and h £ Vm, then we also have g = f o Q.{p) o h~^ £ Om- Thus 

Om = Oms^- 

Now let n > 1. We will assume that Za = (a = 0,..., n — 1) are all 
of the exceptional values of /. Then we have a well-defined mapping 

k : Oms^ ^ Fn{S^)/T.n 

corresponding to every g £ Om 51 the cyclically ordered set of its exceptional 
values. The following lemma is an analogue of Lemma 4.0.1 of [3]. The proof 
is quite the same and we leave it to the reader. 

5.0.1. Lemma. Suppose that every critical level-set of f includes either a 
connected component of dM or an essential critical point or f. Then the 
mapping k is continuous in C°°-topology of Oms^- Cl 

Consider the mapping r : Pms^ ^MS^ ^ Fn{S^) defined by: 

T(h, p) = [po f o /i“E (/>(zo), • • •, P[Zn-l)) ■ 

Evidently, r is continuous. Denote its image by Oms^' 

'■= Ti^MS^) F OmS^ ^ Fn[S^). 

Recall that we have the action of on Fn[S^) generated by the cyclic 
permutation a of coordinates. This action together with the trivial action 
on Oms^ yields an action of Z„ on Oms^ ^ Fn[S^). 

By Theorem ll.l.lL p[SMs^)/Fgi is a cyclic group of some order c dividing 
n. Denote d = njc. Then we can identify it with the subgroup of 
generated by . 
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Let also pi : Oms^ the restrictions of standard projection 

0^51 X Fn{S^) C>MSi to Oms^- 

5.0.2. Lemma. is invariant under and pi yields a continuous 

bijection p : Oms^/^c Oms^- U k is continuous, then pi is a c-sheet 
covering and p is a homeomorphism. 

Proof. In order to simplify notations we denote a point (xq, ..., x^-i) G 
FniS^) by {Xa}. 

Let {g, {xa}) G C>m 51 ) i-e. g = 4> o f o h~^ and x^ = (fiza). We have to 
prove that 

S ■ ( 5 , {Xa}) = {g, {Xds+a}) G OmS^ 

for every s G Zc, i.e. g = cf o f o h~^ for some {h,(p) G Fms^ such that 
^{za) = Xds+a- Let f) G Vgi be the rotation of by the angle 2 tt/c. Then 
^^{za) = Zds+a- Using Corollarv 14.0.lOL for every s G Zc choose hg G Vm 
such that {hs,^^) G i.e. f = 4>^ o f o hg^. Then 

g = 4> o f o h~^ = (j) o o f o o h~^. 

Moreover, cf o = f>{zds+a) = Xds+a- Thus putting (f = (f o fj)^ and 

h = h o hs we obtain that 

{g, {xds+a}) = T{h, 0) G image of r = Oms^- 

Thus Oj^gi is invariant under Zc- Since Zc is finite and its action is free 
and pi-equivariant, it follows that the factor mapping Oms^ is 

a c-sheet covering. Moreover, since pi is onto, we obtain that pi yields a 
continuous bijection p : Oj^s^/Zc —> 

Suppose that k is continuous. We will show that pi is a local homeomor¬ 
phism. This will imply that so is p, whence p is in fact a homeomorphism. 
It suffices to prove that pi admits continuous local sections, i.e. for every 
{g, x) G Oj^s^ there exists a neighborhood Ug of g in a continuous 

mapping G \ lAg ^ Fn{S^) such that {g',G{g')) G G{g) = x. 

Notice that we have the following maps: 

Fn{s^) ^ Oms^- 

Let (< 7 , x) G and [x] = u(x) be the corresponding class of x in 

Fn{S^)/hn- Then k{g) = [x]. Since v is covering, there is a neighborhood 
Ux of X in Fn{S^) and a neighborhood V[x] of [x] in Fn{S^)/1‘n such that 
v homeomorphically maps Ux onto V^x]- Let Ug = k~^{Vyx\). Since k is 
continuous, we obtain that Ug is an open neighborhood of g. Then the 
mapping v~^ o A: : —>■ 14; is a local section of pi. □ 


Consider now the projection 
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Then the composition 

P2 0T-.Vms^ Oms^ Fn{S^). 

is given by (/i, (j)) ((/>(zo), • • •, (k{^n-i))- Thus we have the following com¬ 

mutative diagram: 


Sm 

—> Vm 

-> Vm/Sm 

-> Om 





Sms^ 

-^ 


-^ 

p 



P2 


— Pj. ■ 

— - 

Fn{S^ 


in which c is a homeomorphism and the other right horizontal arrows are 
continuous bijections, upper vertical and left horizontal arrows are embed¬ 
dings, and lower vertical ones are surjective mappings. Notice that 

(1) CO q admit a continuous section s being a homomorphism (Proposi¬ 
tion EiHISl) , 

(2) p admit a continuous section 0 iTheorem II .1.1 and 

(3) p 2 is continuous. 

Then it follows by the arguments of Proposition 6.0.1 of jH], that the em¬ 
bedding Om = Om X {zq, , Zn-i) C 0^51 extends to a homeomorphism 

a : Om x Ri OmsP a{g,x) = {s{x) og,x), 

where g G Om and x G Fn{S^). 

Finally, by Lemma Ih. 0.21 we have that Oms^ — Since triv¬ 

ially acts on Om, we obtain a homeomorphism: 

Oms^ ^Omx iFn{S^)/Z,). 

Then it remains to apply Lemma EZESl C 
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